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4/ 48Block Term Decomposition.

MLA=EKET € RPYI*KR[E|, BN :

A= [Al’ ""AR]
B = [Bl' ...,BR]
C = [Clr ""CR]

« rank — (L, L., D)%

SETRRKERCAL, x L 1B, &

LIS ZErank — (L,, L., ) fE, BD:

DEFINITION 2.2. A decomposition of a tensor 7 &€ K/*/%K in a sum of rank-

(Ly, Ly, 1) terms, 1 < r < R, is a decomposition of T of the form

R
(2.2) T=) E.oc,
r=1
in which the (I x J) matriz B, is rank-L,, 1 <r < R.
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RBE, DREAA, - BTEIZZ, HA, A, €
K™, B, e K, #EKALAER, r=
1,..,R. WEDHESH:

R
ZA BT ) ocy.

<
A=[Aq .., Ag]
B = [B, ..., Bg]
C =|cq, ..., CR]

LISk ERFEMFRA RS, /-
Trixk = [(Al OoF B1)1L1 s (AR Oc BR)]‘LR] ' CT?
Tikxi=(B®C) A"

Trixs=(CoA) B,
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LiskERslicesfte =/ ofE, /9:

TJXKJ; =B- blockdiag([(Al)ﬂ “e (Al)iLl]T ..... [(AR)“ ca. (AR)Z'LR]T) . CT,

(2.7) i=1,...1,
TKXI,j =C. blockdiag([(Bl)jl . (B])le] ..... [(BR)jl . (BR)jLR]) . AT,
(2.8) g=1..., J,

TIxJ,k:A'blOdeiag(CklIleLlw-AyckRILRxLR)'BT, k=1,..., K.
(2.9)

SIREME—ME (essentially unique) A
LURIE, AFETENABERR (trivial

indeterminacies) :
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Fic. 2.1. Visualization of the decomposition of a tensor in a sum of rank-(Ly,Ly,1) terms,
1<r<R.
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e rank — (L, L, 1) f%

Srank — (L, L, ) D ENE—1 L, BYE
A—E, BDALRS, BJLABEIrank — (L, L, 1)5
B, BN

DEFINITION 2.1. A decomposition of a tensor 7 € K/*/*K in a sum of rank-
(L, L,1) terms is a decomposition of T of the form

R
(2.1) T = Z E, oc,,
r=1

in which the (I x J) matrices E, are rank-L.
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e rank — (L, M, N)53f#
BKET € K/ KRR A—FRK S rank —
(L, M, N)SKERIF0, Bl Arank — (L, M, N)73fE.

DEFINITION 2.3. A decomposition of a tensor 7 € K/*/*K in a sum of rank-
(L, M, N) terms is a decomposition of T of the form

R
(2.11) T=) Do A, B, 0;C,

r=1

in which D, € KE*M>*N gre full rank-(L, M, N) and in which A, € K*L (with
I>1L), B, ¢ KM (with J = M), and C,. € KEXN (with K > N) are full column
rank, 1 <r < R.

(Ll <

A= [Ali ...,AR]
B = [By, ..., Bg]
C=[Cy, ..., Cg]

LUERERIEMFRA TR RZ O, 79:
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Txxr = (B ® C) - blockdiag((D1)aprnxr,---» (Pr)mnxr) - AT,
Txixs = (C® A)-blockdiag((D1)Nrxars---» (Pr)npxar) - B,
T;ixx = (A ®B) - blockdiag((D1)parxns - -+ (Pr)ravrxn) - CL.
DHRERIE—E (essentially unique) HJ
LURIE, AFEEB TENABERZE (trivial
indeterminacies) :
> XErank — (L, M, N) BRI LARAE = HE
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> FEfEA, AT LA AR—MESIFET HRIRERE
F, € KL, 380&B, alLAtGR—MERTE
B FAYREREG, € KM, FBREC,. ATLAMR A
FTe—MEEIEESTHAVEREH, € KVV, HE
RUFSKED, #D, x4 F;' X, 671 x5 H7'EY
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EN:
D = blockdiag(D4, ..., Dg)
A=[Ay .., Ag]
B =[B,,.. Bg]
C=I[Cy..,Cgl

LAIHOSVDRY /A F&~"rank — (L, M, N) %3

T=D01A02B03C.
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e rank — (L, M, f%
BGKET € KK RRA— R W rank —
(L, M,)5KE89F0, BDA9rank — (L, M,) D%,

DEFINITION 2.4. A type-2 decompositioﬁ of a tensor 7 € KI*/*K in a sum of
rank-(L, M, -) terms is a decomposition of T of the form

R
(2.16) T = Zc,. o, A, e, B,

r=1

in which C, € KEXM*K (with mode-1 rank equal to L and mode-2 rank equal to M)
and in which A, € KI*L (with I > L) and B, € K"*M (with J = M) are full column
rank, 1 <r < R.

EXERENXT, RBXMo R —
type-23f%# (a type-2 decomposition) ,
XLPr EEE%E T Tucker-25f#, ELE—IRC
BHIRESS, XETuckers> fRAI—FRiEI,
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Tucker HEE—LEEZHIIFH :

o Tucker2 RE. X1F=61#E, EE—71&
FAEEE7E, #I4], BIE C=1, [
Tucker2 27 :

X=Gx1AxsB=[G;A,B,I].

o Tucker1o#E.: #H—725, [BIEMINAFAEE
JIE(TI%, B4, BElE C=1, B=1, J
Tucker1 58279 -

X=Gx;A=[G;A LI]
XShmERT —2EPCA (E550HT) 15/,
ol
X(l) = AG(l).
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<
A=[Ay .., Ag]
B =[B,, ..., Bg]
LKERIEIERAEANFZ DR, 9:

(Cl)(LMxK)
Trixxk =(A®B)- : ,

(Cr)(LMxK)
Tirxs =[(Cie2B1)jrkxr ... (CReaBRr)ikxr] AT,
Trrxs=[(Cr o1 A)krxn -.. (Crey AR)krxa] - B'.

R Sl B S 3

BR Y THEXLETTE:

(C)('r—l)L+l,(r—1)M-|—m,k — (Cfr)lmlc Vlama k,’l".
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Mo HERT LA S /9
T =Ce; Aey,B.
SEEHE—ME (essentially unique) AT
LURIE, A= TEHNABERE (trivial
indeterminacies) :
> X%rank — (L, M,")BISRIAA] LAAEEHES ;
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BTD3i& o BEEROTE, BTDAT AR

BTDINERIKEE I ZB1RE, LLaldF&E Tikx, = (B ® €) - Blockdiag(Diqunxwy, - Dreunxr) ) AT
R/N_FE, RBEF/N_FEZE (ALS) , 3K Tkix; =(CRQA)- BlOdeiag(Dl(NLxM): ---DR(NLXM))BT
EXT% I£_J'l /\El:lx% /.J\ %%r;%ﬁgﬁ% TI]XK = (A ® B) . BlOdeiag(Dl(LMXN)' '"DR(LMXN))CT

JIEE, . |
> rank — (L, M, N)5> R BikESHRERTFL, DilJilD"F%l_“t
A=K ET € RPI*KHE), BN : (D1)LmnN
trirk =(A0BOC)-
A=A, .., Ag]
B = [B4, ..., Bg] (Pr)LmN
¢, cn SEHE— R FEMEEEIKERIRER,
: . 7 Y EEE TR AT TR, NLKFART,
) ILV@ é T j@ % Z'_ED,«*DBL\,L&C, <
I B j no I D on M = (B ® C) - Blockdiag(D;mnxr), - Dr(unxL))

FtE, SEIAREFAN:

T
Mmoo KEHE B
. @B’u'G_fg A= (MT ' T]KXL)



BTD3Kf#

FERLASRIECAEMEE KERVEFN, EILRAALSEIEKEBTD (rank — (L, M, N)Df#
) BEBRAT (BiEPHQROEEN TR ZHIMHAETFER) ¢
- Initialize B, C, D

- Iterate until convergence:
1. Update A:

~ T
A= [blockdiag((Dl)}L\leL, (PR nn) - BOOT. TJKxI]

For r =1,..., R: QR-factorization: A, = QR, A, — Q
2. Update B:

- T
B= [blockdiag((pl)}VLxM, s (PR L) - (CO A TKIXJ]

For r =1,..., R: QR-factorization: B, = QR, B, —Q
3. Update C:

T
C= [blockdiag((pl)TLMxN, o PR ) (AOB)T TIJxK]

For r = 1,..., R: QR-factorization: C, = QR, C, — Q

4. Update D:
(P1)LmnN
. h(A@B@C)TtIJK

(DR)'LMN
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> rank — (L, L,, 1) HR

R
T = Z(Ar-Bf) oy

r=1

He, A, € K™'r, B, €K/, #EFK

%LTEQ%EBE, r = 1, ,R
LA=BsKET € RPVXf, BX:

A =[Ay, ..., AR]
B =[B,, .., By
C=[cy, ..., cR]
c Cr
; K/ K/
K/ - E J I;R J
. -, Lll * +I LRL E
D1 B] DR BR
7 A An
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FRES /MR, BRIMTRAT:

Trixx = [(A1©:B1)lr, ... (ArR®.Bg)1,] CT,
Tixx1 =B oC) A",
Trrxs = (C@A) -BT.

- Initialize B, C

- Tterate until convergence:

1. Update A:

A — {(B o). TJKXI}T

2. Update B:

B = {(C @A)t 'TKIXJ]T

Forr=1,..., R: QR-factorization: B, = QR, B, —Q
3. Update C:

; T
C= {[(Al ©eB1)lL, ... (AR @cBr)ly,]M- TIJxK}

Forr=1,..., R: ¢ — & /||Er]|
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> rank — (L, M, 53 f#

R
T = ZC’" o A, e B,. (C1) (LM xK)
r=1 Trixk =(A®B)- : ;
H b, C, € KV*M*K(with mode — (Cr)(LMmxK)
_ T
1 rank equals L, mode — 2 rank equals M) , Tooxr =1(Cre2Busrexr - (Cr o2 Br)rex]- A ;
T =[(C; &1 A ... (CRe1 A -B-.
A e K*L(I>1), B,eK’M(Jz=M), &2 Kixg = [(C1 01 A1) Kkrxm (Cr ®1 AR)K1xM]
HimARRYRERE, r =1, .., R.
N — = N \ - Initialize B, C1, ..., Cr
L)\ZBﬂ?{KET (S RIX]XKjﬂ@U, Z._‘EM: —Itef"ate until convergence:
1. Update A:
A= [Al’ ".,AR] A= {[(Cl ©2B1)skxL ... (CRe2BRr)srxr]’ ‘TJKXI}T
B = [Bl’ A BR] Forr=1,..., R: QR-factorization: A, = QR, A, — Q

2. Update B:

M M .
e K J K J f’::{[(Cl 1 Al)kixm .. (Cre1 AR)K[xM}W'TKIxJ}
VA 5
I I IS I 1] Forr=1,..., R: Q) R-factorization: B, = QR, B, +— Q
B,
Gy Cr

3. Update Cy1, ..., Cg:
( (Ci)(LMmxK)

) — (AQB)T -Trixk

(CRr) (LM xK)
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