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Tensor Basic Knowledge and Operation

Made by: @BuG_17




Vector

B8 (K2, Vector) EREMA—ITE Then:
—HEEEHEETHEY, F/NBEIMENFERD. as by ai - by
RERE—HMEYKE (Tensor) . FI30: atb= ( as ) T ( ba ) - ( as + bo )
(%)
a —
42 « Vector Products (RIEFE) :
F=r—MKE/9289vector.
Inner Product ([AIERFH
Vector Operations: aq by
« Vector Addition (AEIN%) : (a,b) = <( s ) : ( b )> = a1by + asbs
2 vectors:
as - Outer Product ([AIE5MA
o=(2) *-[g)

a1 by aiby  aybs
aob= o =

(19 bo asby  agbo
B e N KEHE
Made by: @BuG_17



Vector

BEe& (Norm) : VectorfUiKE.
BRNEBEMRE=E8E (Euclidean Vector
Norm) : SVectorfU/UKEREHEX, &

N: n 1/2
| v [|= (Z‘v?) =V (v,v)

1—=1
/IVectorRYEN LEE155BEK.
M (Normalization) : y0R—
Vector@flieitay, BMABHKE (CBEl) 7
1, IEEBRMKE.

B e N KEHE
Made by: @BuG_17




Matrix

$BPF (Matrix) 2EEERI"LEHFIF,
ETMBEYKE (Tensor) , A=
=z, B, ¥F—1miT (row) n%l
(column) HYFEFE, FrA:

(a1 aip oo a,
a1 azz - A2n
A*m,xn —
\ Am1 Am2 -~ Omn /

ItESl, FBRERYSS | 4THRFRIC
i, ) YEIRC A .

B e N KEHE
Made by: @BuG_17

Matrix Operations:

- Matrix Addition (58FEI0IE) : FELTF

Vectorilix, SBXMMERTTHEEN, &
K MNMEIE R NMERE TR EUERE,

« Matrix Products (56F&3E;%)

Usual Matrix Multiplication (¥EF&+E3f)
ST E SEE BIEFER, EX B

columngiZET  AIrowzl,



Matrix

Lét:
( a1 apo
|a21 a9
Arxg =
\@11 ara
Then:

a1K ) (|11

2K | B i bo1
] =

) A

Arsk Brsxj = CrsJg

For element c;;, it equals (A;,, B,;).

B REHE
Made by: @BuG_17




Matrix

ISXIBFR (Hadamard product)

- XTREME SEEMF BOMRIKISTH, EXMNEFRISNMEETTREEUER.
- FTEERIEE | HEBSIMHE a1 8IS Re R EEER.
- RS T

B e N KEHE
Made by: @BuG_17



Y Hainan university

MesAF

Matrix

Likewise, let:

a1 Qai12 -+ Q1g bn 512 le
sy Qo - QoJ boy bao --- boy
Argg= . . . Brig =
arpy ary - arg briv by -+ brj
Then:
Bi1 Gy ¢ @iy 511 512 le
asy @9 -+ QgJ bor bog - bog
Aig* Bixg= . . _ . *
ari aro -+ agj bri bro -+ brs
a11b11 aisbio --- aygbyg
a21b21 a22522 e azjsz
aribryy  apebrs  --- ayjbry
=CixJ

B e REHE
Made by: @BuG_17



Matrix

ﬁ?ﬁﬁﬁ (Kronecker product) (EfH,
EFERmNERE 5 | #FLUMMKroneckerid

- Rk 2—1 x 78k, B2 X
HHFEEHN  x

- IS F

B e N KEHE
Made by: @BuG_17

oREFH)

%EBE, {EJ91T

(==

-—+-HA

RAVFERE |




Y Hainan university

Matrix

Likewise, let:

aij; a1z - a1g 511 512 51L
az a2 - Q] ba1  baa -+ bap
Arxg = ; . : By i =
apy ajy - apjg b1 bxa --- bkr
Then:
(Gu aiz -+ aiJg E)11 512 blL
as1 azr  azj ba1  bay oo+ bap
Arxg® Bgxr = : _— : *
\ ary arz -+ apg bxk1 brz -+ bkL
( bi1  bi2 bir bi1  bio bir \
bay  bap bar, ba;  ba bar,
a11 : S : oo
bki1 bk2 -+ bkL bk1 bk2 -+ bkL
bi1n b1z -+ big bi1 bz -+ bip
bar  bap -+ bop bay  bop .-+ bap
ari , ; n : ceroagg
\ bk1 brk2 -+ bkL bk1 br2 -+ bkL /
e KE#HE =CrrxJL

Made by: @BuG_17



Matrix

KRFR (Khatri-Rao product) :

- WRFERE S AJLUMKRER,

- Rk 2—1 x #HEE =
HHER X
- S T

B e N KEHE
Made by: @BuG_17

RUEAHBUEHERD,
—x gEKE, (et

(=

-—+-H

RAVFERE |




Matrix

B REHE
Made by: @BuG_17

Likewise, let:

ai;  ais
21 199
Ak =
ary  aj9
Then:

Ak ©Bixg =

153

ar

=CrixK

a1K b1 b
ask ba1  boo
Bk =
K bji b2
a2 -+ QK b1 o
age -+ Q9K ba1  bao
O : .
arp -+ QK by bye
a bi1 a1K
@21 | b agk
|® - = w

- GIK -

:> b1 < > bk )
3311 blh’
bay bak \
. as

boq ba
arg :
b1 byk /

bk
bok

by

Y Hainan university



Matrix

$EFFR=E|IR (Khatri-Rao product) :
« XITEMEA SFEMEB WinETRR, EXM RIS MR TR T ETEE.
- Big 1 #E x BfE, SEERRRERUE, (FRzEERN 82— M

F==}

- FBf5A SFEMB RUMRERAH . R

Definition:

B E N KREHE
Made by: @BuG_17



Matrix

Definition:

B REHE
Made by: @BuG_17

a1
a1

ari

a2
a9

aro

aij bu b12

asjy bao1  bos
Breay=

arj by bro

b1y
ba.j




Matrix

5B B8 (Norm) : SHEETEEEM, 556
[ERIREFRE X, TENICHEZ NEEBEREE

(Frobenius Matrix Norm, F-5g%&) . 540,

XfF—1miT (row) n%ll (column) BYERE
, HENIWT:

1/2

= 2 =J .

=1 =1

SR, MFFRENFMER TR EAERAYAERE
S5k |, BiIERres, B - | BX
TXPN B [BRIERE.

B e N KEHE
Made by: @BuG_17

Matrix Inverses (Bf&Eki¥) :
XFFHE:

Hi#A:

A, REENKEEEREEBEG
¥, FBIFEFR (B =0) BATLUER.
HAFEPERFIREABFER, LA
BI{m15%EE (pseudoinverse matrix) (8
IR-ZBHT X3k, Moore-Penrose

generalized inverse matrix) :
At — { (ATA)_ljﬁT when rank(A,,xn) =n
AT(AAT) L when rank(A,,xpn) = m
« MRLSEFABHNERE W, BA =
T B/ EBEEERAE;
- MRSEFMEBHNRFZEASA—RY, BBA
= T B/ LEEERIR/ N IFRE,



Matrix
BRI EE (decomposition)
o IR R
B « B, WEERA B
= ., A B9 .« (15

Hrp, « TRAGHFREEE, « FRA
TR RERE,

WA D RSB IE—HY,
- QROR (IEX=ADHE)
iHEEFE  « &R, WenlliE—itbs
B

X

Hb, , BEEXRREHER,
« =lE% =Rk,

B e N KEHE
Made by: @BuG_17

X X

= ARl BE PSR RAIETE
mER, AL  SIEDEARIEERE S
FBFEPERYSERA :

— -1

Hep, EXNT IEXNEFEERSS
EFEE,

GNER  ESEXITRAERE, N AFERIE
[MEHMAIIERERE | F5:

BRMES—NEXITRERE  #HEFLED
%, BRSO AME—. NRFEDEL
ZMF IR EREHEENFIHE, BAERX
LIS EREFEREMTFZET, (FE—4HIE
R EEHBIXFHHENNAEIERE. (RFIT
BEEZEEFAS TR, BT, ¥
IEfEE—I BN ER EE—RY.



Matrix

- ZFHREDH (SVD, Singular Value
Decomposition)
NF—1F%A BHERE « BFE
x  HUIERZFERE . . x  HIIERERM

< 173511V S

X

1= ,=..= >0, K B 1EE
TRAEE. V1, V2 o VO TRA M

B e N KEHE
Made by: @BuG_17

IEEFRE. M MHEHEFRS | 1

V2o o 0, 0n, o, 0 (MKE
M) FRA BISRE.
EENSFRESE—EF T, BRE—.
« LUDf®
NF—1ElESE . NRENASINE
FFAEAAER, JUAE—EEA— L
=AM —N N =EEMERIRIRA 0, BD:
Hep, |, 232 F=FBEERNLE=/F
il
LUS REARR R SENE AR —fER
K. LR ERGABEYIEI T AT A —
N =A%, HTHEEME— 1R F=
FaRaRE,



Tensor

SKE (Tensor) E—MhZHERERIEUEHEY.

—#HRsKkEEIEE (Vector) , F/INSH¥ER
FRFR, _HEKERERE (Matrix) , F
AENENFERR, —HER=%L RS
FAONMERIRRAARF R (BT NXIZRRI RS INAE
N¥s) Fr. r2R/NEFEERS.
SrafEEite, T™rRTiEERERNRE—
PNEE—HITER., ES (colon) {EATR,
FRiEEE — MEEN S IR,

N\

B e N KEHE
Made by: @BuG_17

» Fiber:

EN-wayskE7, BIEN-1MEE, FFR
—MEBRER (Fr8) JtEeE, XEFRTEEI
TTERAME—Miber. Al70, FF—1N=FEY
Gt xx  Hcolumn fibers (mode
A vectors) , row fibers (mode B
vectors) , tube fibers (mode C vectors) ,

7HA . . M R




Tensor

« Slice:

EN-wayskEH, BIEN-21MEE, FR
MNEERIER (BT8) T, XEFAEEIRY
TTERAME—slice. Flan, FF—1=FEY
K= *>  Bhorizontal slides,
lateral slidesffrontal slides, 331

M1 Fx. BRIz, & Afrontal
slide, EXBRJLAEIE A

y 4

(a) Horizontal slices: X, .. (b) Lateral slices: X.;. (c¢) Frontal slices: X.., (or Xy)

B e N KEHE
Made by: @BuG_17

HEEE (Norm) : SHEMFRIBD B SHR
228 (Frobenius Norm) Z&{El, FF—/ N-

wayHJsKE pepex HENINT:

1/2
1 2
— 4
12

1=1 »=1 =1
He, |, RAEKEWARE (inner
product) . BEiEM, XITFREFsizeRY5K
% , 1X 2%, X , E:

1 2

: - 12 12
1:1 2:1 =1



Tensor

wERIEFERHF (Matricization)

&3 R SRR ER TR I— 1B,
SChR ERU ST BRImode n vectors, HEF
F— 1 matrix. AR {ER T ARRYSY
EFnF. BLtE, JIRNEFHPIHFAERE,
RBEHEEXITEPE—HRY., XBEFEEpP—
AR
- =EKERImode A FBfFEFF (the mode

A matricized version of a three-way
tensor) : ¥EIKE%SImode A fibers, %
mode B #xEFmode CRIIGTHEFIA—1
B, XME=$HKENmode A 1B[EE
. RIZK=E >, WEFERE
fF 22— x  FBF

B e N KEHE
Made by: @BuG_17

Et, ' :
- =#skEAImode B EfFEREF (the mode

B matricized version of a three-way
tensor) : B3KE5Imode B fibers, %
mode C #xETmode ARG TVHFIRL—1
e, XFME=4KE/mode B 1EfERE
. RigKE >, WEFRERE
BF 22— x 5B

- =#skERImode C s5fFEREFH (the mode

C matricized version of a three-way
tensor) : EHsKE5SImode C fibers, %
mode A EREFmode BRYFSTHFIRA—
B, XME=%KERImode C JEfFRE
. RIZKE >, WEHERIE
fE 2= x B



Tensor

k=1 k=K
=
s
0 2L
i
i=1,...,J i=1,...J j=1,...;J
k=1,..K / / /
j=1,...,J
i=1 fus
- / W
i &
& 54
~ k=1..K
bl k=1..K k=1..K k=l..K
j=1 j=J

/
_—
e

j=1...0

BRE 0 KEHE
Made by: @BuG_17



Made by: @BuG_17 —1

Tensor

=EERENLA E =R SN LUE
TEBENBEAEREEERR, REFHKEN
modefYHEZI., a0, BHEFI () BE—IX,
B2 (), BIEFEEERERNmMode AXNE
#FIAmode B, EiafFAImode BXI N Bk
BIHImode C, E¥afFHImode CXIN EHEEI
Hmode A, XHEFZHR TN EBF A =
BN s, KOs, EmodefIHESIE
R, LG RBAHA

BRIEBE— " =4K=:

010

1 0 O

1 2 0

B 0 0 1
1 2 0
B
BT KERE 0 0

i ;

O OFr N

I
o oo

OkrkFOo

ON B

O NO P

s>/ Hain

R OO O

an university

I
oo 4
P OO



Tensor

RLite, ILAEN =4 FikERIFE[ERE
., BRRNEF SRS =4kENEHFREUE
B, Fla0xsF—1N-waysk=, (GN5R#
HRZ, JURBRHFFEATR, W 1, FR
mode-1EH) B2 THiEmode A HE, B
{iJ%&mode B ##E7E mode C, mode C g% E
£ mode D ..B9GTVHSIB— 1’80, *EF%
HsizeFiE . BETFBmode
BMEE, Bfli&mode C ##E7E mode D,
mode D 8*E?E mode E ..l95 % (LtLRAT
mode AERRERIRINE) HEFU— 1580,
PR sizeRFi R J < - LALCSSHE,

B e N KEHE
Made by: @BuG_17

BRIEZ AN, AEEMRIEMEEFA SN, W
SF=4kEfImode B fE/EEF, thaTLliZ
ENIEE, Fmode ABRETFmode C; XF
=4Ek=ERImode C 1B[EEF, HIEMIRE,
{Fmode AFRETFmode B.IIRFREMIE
FHAI0, WEXH SRR, Ala0, WRE
—1 x x x HEKERERFAHA x KN
HUFERE, ROzfEiAA: fEamode 1 Flmode
2 (mode 1 8#E7F mode 2) , mode 3 #
mode 4 (mode 3 #*EF mode 4) BI9EFE
I,



Tensor

ERIEEN (Vectorization) = n BEHIKEFE (mode n rank & tensor
B3 E SN KER— 1 RERER. rank) :
SR ERWE (GRERFRY) EMEHFrERIZI, - mode n rank: & n 2@ (mode n
HER—TEMBHIEE, XNMIERRA: space) HIRk, B1F ( ). Blzn, —p
= () x x  x HpKE, Emode A rank (B
NTEEXNEE, BEEXNKEHTT mode 1 rank) Jymode A vector . Ff
mode A EFF; ATHEKERZENL, BEX T ERIN=ER. BARK, BUEEE
mode A EFAVFRFFAEN. XEFE—R, FILL %k, SB93EE, mode n rankFL24EME
BREFRERENHENER. () HORk, HohsERE ) 2EKE K
= () mode n FEfEREFF, BD:
()= C ()

Faie, BTREENTRESEMNRESE
BHERBBK, FALAZ4KERN mode A

rank5Smode B ranktBZ:.
Bty e N KEHZE
Made by: @BuG_17



Tensor

- tensor rank: BiKEDHEABKATHNKSE

ZH. BRATRSEKEEWRERTRITRERILL
wE5A = - ZIE, SKERIFK
BB IS ZIKERIFK 1 KERIRD 1ML

(XMEREDENGT IR RERTIE
FECPSf#, BICANDECOMP/PARAFAC

Decomposition) , FRICAH ( ). Falis,

WMRKERZMEY (BIFEE) , ABAER
METITHEAHNTRES D2 HRIFK;
EEXXTF=ME=MIULALKRE, Bz
XF (MANF) {FEEmode n rank.

B e N KEHE
Made by: @BuG_17

HA180E (rank-1 tensor)
— I NLERYIK= 1 2% RN,
LS ANNEERINME, BD:
- @ O

Hep, TR
- 0@ O




Tensor
REAYISE:

« mode n product (18 n 2

& n FRENNKESI M (8(AE) £ mode n ERISRIR, ZIzER/S x (X ) Fx, n BIfE

mode n L,
RIZBKE O =\ < MEME mode n FHFTRIRE A :
{ERERAKE

XX X X 4qX,.X

NTEFNE— I TTERR, B!

( x )1><___>< X X XX 11X X X X X, X

=1

LIRS 5KE RIS mode n fiber E0EFE B3k, MMRLEREREFFRYS R, NWI9:

= X )= O
B e REHEE
Made by: @BuG_17



Tensor

MNRBKESHERE n 1R, 85 RS,
RIRENHITKE 1 2% [OlE , MBI mode n FHITRIAE A:

X

ENERIGKE, HMEIN-1, sizelg 1 x .. x  _4(x1)x yx.x , B

MNTHPHIE— P TTERR, &§:

( x )1><_,,>< _1X XX T 11X X X X 4qX,.X

=1

LA 5kE BIE— mode n fiber E35E&E MARTR, SRMEALD T —NEE,

B e N KEHE
Made by: @BuG_17



Tensor
KERDRE:

- CPofi% (CANDECOMP/PARAFAC Decomposition) :
BikEDEAE TN ATKE (IEN LSRRI, TLARKSE ANNEZEAI/ME) AYF0. 60,

BE—3HEKE

Hep, RAEEH, ,

<, WEHT

CPofi#:

I

I I

SWFKEPHNE—NTER, WHHD o

RRZENT:

I

HEF' I — 11 21 ey I — 11 21

— 11 ILRRN
B REHE
Made by: @BuG_17

Proposed by

Polyadic form of a tensor

PARAFAC (parallel factors)

CANDECOMP or CAND (canonical decomposition)
Topographic components model

CP (CANDECOMP/PARAFAC)

Hitchcock, 1927 [105]
Harshman, 1970 [90]

Carroll and Chang, 1970 [38]
Mécks, 1988 [166]

Kiers, 2000 [122]

/cl

— 1
b1 b2

/cz

— 1

Y4

b
e e L i



Tensor

- [EF5EfE (factor matrix)
B iR 1RENRERNAES. Fla0:

1 2
LU,
= 1 2.
= 1 2
(FRREFHERE, BCPoORE NEERETT
BN
o= ( )
o= ( )
@ = ( )

Hep, KR,

B e N KEHE
Made by: @BuG_17

s B | e—
~ H Ly H B 4y
| ay ay

|:|
br

ap

XN =4EREER S Nfrontal slices
A9,

~ ()
Heh OBy, Os= ( ).
=12 .. b ERE  slice

Horizontal slices #] lateral slices FZ={,
HNAEETLEItEEEH, BEARKR, LA
slicele AT A ZIRERI =41 L,



Tensor

SRR, CPEAIR] ARG A T EY
1z

I

=1
oJLAMRE . #  B9SEBHRE 9K
E1, NEwTEEIRE , {618:

l
Il

=1
LA ERI D ARETXS =215 8, E =458

EiEEH, AJLARERZSERE. 5L L, T

NFiok = 1< 2%.% - CPORERT:

B e N KEHE
Made by: @BuG_17

I
~
H
~
~
N
~
~
~
i
~
H
~
~
N
~

Hrh , O * K12 ..
EXFERT, mode n fBfERFFRIFR
HATEH:

= O O (o

Hb = ().

()



Tensor

CPRfERIME—1%:
B EN KR,
=R E9FKS \%¢L%E~7§

- FEFFCPIAERIANME—IE:
[RigFk7 BIRERE
HI— R fESS :

BeE—E,

, NXANFERE

MREE T

Singular Value Decomposition) 2

E > f#E (SVD,

+ SKECPORRAIME—NE:
EXEBEER, KERICPOREN:

=1

sKkERICPO R (HERRZIMBVRERE) £—
ELNR NEEEE—MRY, AT E—A8E
A B 1KENEES, AEFET=RY
B (scaling) #0HE% (permutation) A
TE,

HEPIAREERENER1KET LIRER
EHF.

X = [A,B, C] = [AIL, BII, CII] for any R x R permutation matrix II.

LA , R, RS
IE3ZRE,
BRI LASRLUER Z

ML,

, HEp 2
L_ﬂ_ﬂ.m‘iAfE *Miﬂj
1IE3cBE, RAEREERS

BTN R HAE
Made by: @BuG_17

1 RAEE SRR e E— 1R E,
B AFHISEFR 1.

R
X = Z(arar) o (Brbr) o (’VTCT)



Tensor BSHRE—, X

k-rank:
FEfE B9 k-rank, 1IBfF | BN & =2 +( —1)
KK, (FEEE  SIEEERENREN. L
© SRECPORHE IR . BCPHRME—EHINESR:
=WISKEHICPRRES: =HSKBIICPHRER—, TU:
«C ) C ) )=
N - #rEINFIKE, CPOMRIE—, T:
iZﬁj\%E:uE_, %: Lr]]-"] (@) (1) ( +1) () =
+ + =2 +2 h EE:.F
HErZINBIREBAICPHR: ( H)= s O O
= 0.0 Rt — A E R E R R
_ @ @ O | min (ﬂl‘[ rank(A<m>)) > R.

Bfye KEH#E =1
Made by: @BuG_17



Tensor
CPHMBE AT —ALSEE:

XTEEEKE RICPORES:

®» @ O

=1

£ WMENBRT, KENCPOHEES

MEEL, XENAERPORERIE
(the alternating least squares (ALS)) .

M=REFFHENEA, X TLEEN=RK

= xR RKE S, H

Rejges #of, Bk NICLIsRIa)

min  —

Heh ™ Jy:

B e N KEHE
Made by: @BuG_17

=1

ALSELERISCILERR 2 :

> BEERME | KESE

> BEIERRE |, | KERIE

> BEERME |, KERNE
S8 PR, BREEEENNSEMERE

RELE, WEEMERTLAR

v BirREEMEAE N FEFRED

v RFEfE (factor matrices) A~BEZ{ta
AR/



Tensor

EAEE T PN ERE, EiEstR
B&MR/N_FR)M (linear Ieast—squares
problem) ., RigxKEEF ZEE, XK
£ , f#mode-1EFF, EUIEUEH*WJ

min - @
Eirh o) fUEAT R

B (1) — ( )
E RIS .

II
:lﬂt

B e N KEHE
Made by: @BuG_17

IR ERAIRR 9 -
T = (1)( ) L i
Heh, 1xR/<HEER{RIZE, BlMoore-

Penrose] N1,

X

FEMNFREXRXX AU S
T= )( )T

R AXERNEANRBEARTLRITER
yi=] ) ByMoore-PenroseS"

N, BEATE < B HY

Moore-Penrose] X i,

PAN
=

&=fE, L~ R%IAE, S5 , Bp:
=", =7, =12.



Tensor

WNTEEMKENCPORE, ALSEZRUT (Hb ZISRSLREFH, FAERFEMERTLGESDREW) -

procedure CP-ALS(X,R)
initialize AW ¢ RInXR for n=1,...,N
repeat
forn=1,...,N do
Vo AWMTA@) ... g A=—DTA(n=1) , A(R+DTA(n+1) . 4 AN)T AN)
An)  x(n) (A(N) -0 AMTD) o A=) o ... A(l))VT
normalize columns of A(™) (storing norms as \)
end for
until fit ceases to improve or maximum iterations exhausted
return A, A A2 AWN)
end procedure

BRE 0 KEHE
Made by: @BuG_17



Tensor

BigTensor Rank:

[FUN EXHERRETN, BFRKEDEATK
HNIKEZ, Z2F, KENKMERIUD
FRZIKERIRK 1 KERNSEDNEL, TRCAr a
n k (X).

FxhFEHIZ, SLE (real-valued) K=

AURKTESCE AN S £ E AT sEEAERY. Hlan,

WFkEX, efrontal slicestT~:

10
170 1
_ 0 1
27 1 0
HESHGE LB oBA: =

, H:

B E N KREHE
Made by: @BuG_17

- REEERNGZE, JLRESERN—NME

TEHIKERIRE (XZE—1NP-hard[algk) ,
Y TEXEFHEBERL THRKXEK

(maximum rank) F8EFk (typical
rank) (SEEUEL)

- XA, KENKREYLESFMAAR

HYCPHRELARERT,



Tensor

BT REHE
Made by: @BuG_17

Tensor size Maximum rank Citation
Il %2 min{I, J} + min{[l, J, |max{I, J}/2}|} | [109, 143]
3XxX3x3 5 [143]

Tensor size Typical rank Citation
2x2x2 {2,3} [143]
3X3x2 3,4} [142, 212]
5x3x3 {5,6} 214
I x Jx2with I >2J (very tall) 2 216
IxJx2with J<I<2J (tall) 1 216
I x I x 2 (compact) {I,I+1} [212, 216]
I x Jx K with I > JK (very tall) JK 213
I xJxKwith JK—J <1< JK (tall) I 213
I xJx K with I = JK — J (compact) {I,I+1} 213

%



Tensor

BAE (maximum rank) : 5TLUXZE]
HIER KRR,

BaBEk (typical rank) : {EE—HI
B ZR KT ZEHIRK.

T x BN, SRISRAKFAFIEEEIRE
HBE, A , X TFEKERW, XER
BEARE. LEoh, XoFscgus ERyo ik, HEs
oS BALL— AR, BEEXNTEEE L
ok, BERRB—HERK, Sk, X
TERIN=FKE >, HEXKHELE
HRESXAY:

()=

B REHE
Made by: @BuG_17

M F x x BKE, HEESMEYEK
2, &P modeVHEFEAFIMIKERIFL, RIfE
ZREFHFIRIER T, FREAZH.

f£frontal slices EEBXNFRIERNI=4EKE
S ERYERTERE

Tensor size Typical rank
I x1Ix2 {I,1+1}
3 X3 %3 !
3x3 x4 {4,5}
3x3x5 {5,6}

I xIxKwith K>I(I+1)/2 I(I+1)/2

fxfrontal slices EEFIIFRMERN=4EK=
s, _FAYERBIFEAVELES :

Tensor size Typical rank Typical rank
with symmetry | without symmetry
I x I x 2 (compact) {I,1+1} {I,I+1}
2 x 3 x 3 (compact) {3,4} {3,4}
3 X 2 x 2 (tall) 3 3
I x2x2with I >4 (very tall) 3 4
I x3x3with I =6,7,8 (tall) 6 1
9 x 3 x 3 (very tall) 6 9




Tensor

Tuckergfi# (Tucker decomposition) :
Tuckerp R ERSD 71T (PCA) RIS
20, Tuckerp IR RERFKED B A—
ZIUIKE (core tensor) , HinEMMESFE

LA— B,

NF—PNEEKRKE T = !
Tuckero &9 :
= x, Wx, @ x )

ALEEA:
~ - O @ ()

Hen, O *
. BZLKE,

1X oX..X

B REHE
Made by: @BuG_17

Name Proposed by

Three-mode factor analysis (3MFA /Tucker3)  Tucker, 1966 [226]

Three-mode PCA (3MPCA) Kroonenberg and De Leeuw, 1980 [140]
N-mode PCA Kapteyn et al., 1986 [113]

Higher-order SVD (HOSVD)
N-mode SVD

De Lathauwer et al., 2000 [63]
Vasilescu and Terzopoulos, 2002 [229]

Liiig--

MNTHEFHNEN TR, JnA:

Ry R> RN

iN = Z Z Z Grirg--ry agllll az('222’2 avgjj\\;er

ri=1lre=1 ry=1

REREZ VR -
X(n) = A(”)G(n)(A(N) Q- QA g A o ... g A(l))T.
e =4KEMNTuckerDf#: MFKE
* >, HTuckerpfEf/zUn R :

for i,=1,...,I,,n=1,...,N.

P Q@ R
X =~9G x; Angx-jC:ZZngr apob,oc, =[9;A,B,C].
p=1 g=1 r=1
E:El:l X X X

= Tuckerp 5 EIREFHER%E, L
=izbiks, SlTTERERARRFREEZE
THE{ERBIKFE,



Tensor

e =%k a0l Tuckerpf: W k=
>, HTuckerp#ERZzUa0 R

P Q R
X ~G x, Angx-jC:ZZngrapobqocT: 15 :A,B,C].

Hrn, <, “ -,
FTucker fRSEIRYEFFEFE, A
=z E, BNTEAERARREFREFEZE
HEERBIKYE.

Tuckerp FEBRIAZRRANT

Hep&E TR

B REHE
Made by: @BuG_17

iver

wmER N, mOKENES
FRIGIKRENELE N, BIXSRGKEHITIF
M ERVEE R,
Tucker> BRI B IM—FRAZTN -
X1y~ AG;(C®B)',
X2y #BG@2)(C®A)T,
X3 ~ CG(BA).

Itah  FEZOKERIMode-nEFF.

NERZUKER—MEXNAEKE (B, &
WHKENEM ELYR: = = ), B4
TuckerD fERIEERK T CPE,



Tensor

Tuckerp iFE—LEERFFHI:

« Tucker2y3f#: WF=MKE, BE—1H
FrRMEAEME, 0, BEe = 0 N
Tucker23f&)9:

X=Gx,Ax:B=[G;A,B,I].

« Tuckerlofig: H—, BEIEMRNEFHERK
RNEME, fn, B =, =, U
Tucker1 o f&)9:

X=Gx;A=[G;A LI
XSRERZHPCA (RS DT 1BE,
ESpSK
X1y = AG(y).

B e N KEHE
Made by: @BuG_17

BiEmode n rank:

[FN EXHFBEREER, & n FKEE n
TEHRK, B1E (). eE2EE (B
%, HrFE () FKE  BY mode n &%
B, Bp:

()= C ()

< ()=, =12, , W
MUSFR( 1, 2, DBEIIKE.  BEILAE(E
BikE & mode t fiber BRI
[BIRV4EE,

Pl ()=, =12,., , U
REZEE MBN—7TEE#&-( 4 200 )
Tuckerof#; AMUWRZELBE—Tn, FE5

( )> |, W@EITucker f#ESEIRIHL
B B—TF-( 1 2. E



Tensor

TuckerD fRRIME—4ABE(RIUE. —R%NL
—BAR, WD REEIREFREMERAIIERLY
HZ, LKIIHOSVD (High Order SVD) &
%, BAREAFREERMUER, UOKEES
HEWslicesIER., BIEKRENE—
mode EfMSVD#E, BT mode EHIEF
FEMEHI TR, REITTEKEES T"mode L
i 2 ERISKEE % IKE. HOSVD %
RIE—MEE R LURIER. BRERIENT:

1
2
3
4:
5
6

HOSVD(X, R{,Ra,--- . Ry)
for : = 1to N do
Ay + Ry, leading left singular vectors of X,

end for
G X g AT s AT coi sopy APNT

. return G, AW, A ... AW

B E N KREHE
Made by: @BuG_17

()~

j' U.

LA=FrakE251, Bickix, HOSVDEH
BKE TS mode LEMEAFRS
( @O @ @) BXLEEHITTHEDR,
NESTRBME (0 @ @) WKE /Y
HOSVD5

= x, Wx, Ox, @

Hrp, mUKE HNR\BIKE SKE
HNAS SRR (RTAEAFERAIER,
RN e EREME) BURR, BD:

= o, Wx, @ x, @

FEFERZL:

() (H( ()

( +1) (-1

(1))



Tensor

(GFkiBiE (Low-Rank Approximation) : - RIER1ER
EREfES T, B— 1 BRI EDITKER, RERKIBIERE—EER
U—1 e REE N, flu, SH— MR TR, RERIBENGRREHT —1FK1K
FEFE, SRIFHIAEER—TF  HIAERE, £, (FEFRRKEDHENARENINA, BERE
g 2% B, 2% B, & HYSMRRTIEL,
B < , AE=EUTF 0 W BTETKE e BN TR
BRZEY (quadratic cost function) :
- ::Jzﬁfh“+ ’ (, ., )= - 2
Hep, X5EE BNE 1MERE. SEEREFKR1EER, BI&RIMOZTIRE
KHERKE SH— MERKE | =i IMERENRRISRIRR15KE. FRALSEAITE.
tbskE B, LMES&IME: - O R

BRI, BUEARREIDE B R EE
suat, FERETISEXHEENER, X
THERMATHEE, BEEREAIIE.
XA LSRR EIRIAL SEE ST,

%o K
Made by: @BuG_17



o AT

Hainan university

THANKS



